Abstract. In this paper, we firstly extend Theorem 5.1.1 in [9] due to Hélein to a rescaled branched conformal immersed sequence(c.f. Theorem 1.5). By virtue of this local convergence theorem, we study the blowup behavior of a sequence of branched conformal immersions of closed Riemannian surface in R n with uniformly bounded areas and Willmore energies. Furthermore, we prove that the integral identity of Gauss curvature is true.
introduction
The study of the conformal immersions from a Riemannian manifold into another Riemannian manifold has been an important topic in conformal geometry and has a long history. There are a great many mathematicians devoting themselves to this area (c.f. [1, 2, 3, 13, 14, 15, 16, 19, 20, 23] and references therein). Especially, some mathematicians employed the so-called W 2,2 conformal immersions of surfaces to study the minimizer of Willmore functional in the last ten years(c.f. [3, 11, 12, 21, 22] ). A basic tool which they adopted to study this problem is the following local convergence theorem (Theorem 5.1.1 in [9] ) which was established by F. Hélein and has played an important role in the analysis of 2-dimensional conformally invariant problems.
Let
|f is a conformal immersion, and
Here A f denotes the second fundamental form of the conformal immersion f : D → R n , where D is a disc in R 2 . Hélein's theorem can be stated as follows.
Theorem 1.1.
[9] Let C γ (D) be the closure of C γ (D) with respect to the weak topology of H 1 (B, R n ). Then, for all γ ≤ Laplace-Beltrami operator. It is well known that
where − → H f is the mean curvature vector corresponding to the immersion f . The Willmore functional (or Willmore energy) of f is defined by
By Gauss equation and Gauss-Bonnet theorem, the Willmore functional can be also written as
It is also well known that the Willmore functional W (f ) is of the invariance under the conformal transformations of R n (c.f. [2, 26] branched conformal immersion.
Definition 1.2. Let (Σ, g) be a Riemann surface. A map f ∈ W 2,2 ((Σ, g), R n ) is called a W 2,2 conformal immersion if the induced metric g f = df ⊗ df is given by g f = e 2u g with u ∈ L ∞ (Σ).
We say f ∈ W
2,2
conf,loc ((Σ, g), 
Given a Riemann surface (Σ, g), we denote the set of all W 2,2 conformal immersions and all W 2,2 branched conformal immersions of (Σ, g) by W
conf ((Σ, g), R n ) and W
b,c ((Σ, g), R n ) respectively. Obviously, W
b,c ((Σ, g), R n ) depend only on the conformal class of (Σ, g), not on the choice of g. Remark 1.3. We note that it follows from Theorem 2.4 (see it in Section 2) that every possible branched point p ∈ Σ of a W 2,2 branched conformal immersion f ∈ W 2,2 b,c ((Σ, g), R n ) has a well-defined branch order m(p) ∈ N 0 .
Here we make a convention that Σ k = (Σ, h k ) denotes a Riemann surface which is equipped a smooth metric h k with constant Gauss curvature ±1, or (Σ, h k ) is just a torus of genus 1 with Gauss curvature 0.
One pays attention to conformal immersions because of the conformal immersions are of two advantages. One is that the conformal diffeomorphism group of (Σ, h k ) is rather small comparing with the group of diffeomorphisms. The other is: if g f = e 2u g euc in an isothermal coordinate chart, then one can estimate u L ∞ from the compensated compactness property of K f e 2u . Thus it is possible to get an upper bound of f W 2,2 via the equation ∆ g f f = H f .
Here we want to list some local convergence results. When m = 0, the following theorem is due to Hélein with γ n = 8π 3 (c.f. Theorem 1.1) and later, Kuwert and Li proved γ n is the optimal constant(c.f. Theorem 5.1 in [11] ); In the case m ≥ 1, the theorem was proved by Lamm and Nguyen (c.f. Theorem 3.2 in [14] ).
conf,loc (D\{0}, R n ) be a sequence of branched conformal immersions with branched order m at 0. Denote the induced metric of
Then f k is also bounded in W 2,2 loc (D, R n ) and there is a subsequence such that one of the following two alternatives holds:
(2) ω k → −∞ and f k → 0 locally uniformly on D.
Here, we should mention that Kuwert and Li [11] discussed the compactness for a sequence of conformal immersions of a compact Riemann surface. More precisely, they proved that, if f k ∈ W 2,2 conf (Σ k , R n ) are conformal immersions with W (f k ) < Λ < ∞, and Σ k converge to Σ in moduli space, then there exist Möbius transformation σ k and diffeomorphisms φ k , such that σ k • f k • φ k converge to f 0 locally in weak W 2,2 sense on Σ minus finitely many concentration points and the weak limit f 0 is a W 2,2 branched conformal immersion. Moreover, f 0 is unbranched and an embedding if Λ < 8π. Riviére [22] also proved the same results. With the additional condition µ f k (Σ k ) ≤ C, furthermore Chen and Li [3] studied the Hausdorff limit of f k (Σ k ) and proved the area identity.
Eschenburg and Tribuzy [7] have ever studied the Gauss-Bonnet formula for branched conformal immersions. Following the work [11] , [22] and [3] , naturally, one wants to know whether the integral of Gauss curvature is maintained after blowing up? For the present problem, we can not neglect the bubbles which shrink to a point. This is quite different from the case in [3] , there the bubbles shrinking to a point can be directly ignored when one discussed the Horsdorff limit and area identity. The main reason is that Theorem 1.1 and Theorem 1.4 does not guarantee the limit is an immersion. For example, let S 2 be the standard unit two-sphere in R 3 and then define a sequence of conformal immersions
, then for each k, it is easy to check that
and
However, the limit of f k is a point map. Based on the above consideration we need to study those bubbles which carry nontrivial topology but shrink to a point. In order to recover the lost curvature integral at these bubbles, a natural attempt is to rescale f k by an appropriate constant to make the limit nontrivial. Fortunately, by employing the compensated compactness property of K f k e 2u k (c.f. [20, 9, 11, 22] ), Simon's monotonicity formula (c.f. [25] ) and Theorem 1.4 we obtain the following theorem which can be viewed as an extension of Hélein's local convergence theorem, i.e., Theorem 1.1.
n be a sequence of W 2,2 branched conformal immersions with branched order m at 0 which satisfies
Take a curve γ : [0, 1] −→ D and set λ k = diamf k (γ), then we can find a subsequence of {f
loc (D) to a W 2,2 branched conformal immersion f 0 with branched order m at 0. Moreover, there holds true
Combining Theorem 1.4 with Theorem 1.5, we can give a bubble tree construction for W 2,2 conformal branched immersions with uniformly bounded Willmore energies and areas. Moreover, we obtain the following integral identity of Gauss curvature .
n which have the same branched points and same branched order at each branched point. Assume f k (Σ) ∩ B R 0 (0) = ∅ for some R 0 > 0 and
Then, away from a finite set f k will converge either to some f 0 ∈ W 2,2 b,c ((Σ, g), R n ) or to a point. Moreover, we obtain the following Gauss curvature identity:
where b is the sum of the branched order of all branched points, f 0 is the generalized limit of f k (c.f. Definition 3.2 in section 3) and f 1 , · · · , f m are bubbles.
Next, we consider the convergence behavior of a sequence of branched conformal immersions of Σ k with varied complex structures and varied branched points. Let f k be a sequence of W 2,2 branched conformal immersions from Σ k with branched points {x k,1 , · · · , x k,m }. If f k has the same branch order at x k,j for j = 1, · · · , m and k ∈ N + , and 
Then we have
where Σ The paper is organized as follows. In Section 2, we recall some preliminary facts on W 2,2 conformal branched immersion. In Section 3, we give the proof of Theorem 1.5. In Section 4, we utilize Theorem 1.4 and 1.5, to give a bubble tree construction and prove Theorem 1.6. In Section 5, we provide the proof of Theorem 1.7.
preliminary
In this section, we will recall some previous works which will be used in our paper.
n ). Then, for any p ∈ Σ, by Theorem 2.4 we may choose a isothermal coordinate system around p such that the induced metric g ij = ∂ i f, ∂ j f can be given by
loc (U), where m is the branched order of p (p is unbranched iff m = 0). Moreover, u satisfies the following weak Liouville type equation
By assumption K f e 2u belongs to L 1 , it seems that the classical elliptic equation theory can not be used here. In [20] Müller andŜverák discovered that this term can be written as a sum of Jacobi determinants, thus they found that the function K g e 2u actually belongs to the Hardy space H 1 by [4] . Kuwert and Li in [11] summed up the above as the following result.
Then there exists a function υ : C → R solving the following equation
and satisfying the estimates
Remark 2.2. With the same condition as above, since u − v is a harmonic function, it is easy to see that
Let Ω * r = {z ∈ C : |z| > r}. A metric on Ω * r is complete at ∞ if there exists some z 0 ∈ Ω * r such that dist g (z 0 , z) → ∞ when z → ∞. Müller andŜverák [20] studied this type surface and obtained the following theorem:
where g ij = e 2u δ ij is the induced metric. If f (C\D R ) is complete, then
For a conformal immersion from a punctured disk, Kuwert and Li [11] proved the following removable singularity result.
Moreover, the multiplicity of
The number m in the above Theorem 2.4 is called the branched order at 0. Obviously f is unbranched at 0 if and only if m = 0.
Remark 2.5. It is worthwhile pointing out that if f satisfies the same conditions as Theorem 2.4, then the following two useful facts hold:
At the end of this section, we recall the Gauss-Bonnet formula for conformal immersion with branched point.
here b is the sum of the branched order of the branched points.
generalized helein's convergence theorem
In this section, we will employing Theorem 1.4, Simon's monotonicity formula [25] and compensated compactness property of K f k e 2u k to provide the proof of Theorem 1.5. We also utilize Theorem 1.4 and 1.5 to give a convergence result for conformal minimal branched immersions at the end of this section.
3.1. Proof of Theorem 1.5: Firsty, note that f ′ k (γ) ⊂ B 1 (0). Without loss of generality, we assume γ(0) = 0. Put
then we need to consider the following two cases:
For this case, by inequality (1.3) in [25] (for more general varifold case we refer to the appendix A in [13] ) with ρ = ∞ we have that
As shown in [11] (page 328), there exist a point y 0 ∈ R n and a constant δ > 0, such that
. By conformal invariance of Willmore functional, we have (0), by Remark 2.5, we know S * is isolated. First, we claim that, for any Ω ⊂⊂ D\(S * ∪S({f
< γ n when r is sufficiently small and k is sufficiently large, by Theorem 2.1 we know that there exists a υ k which solves the following equation
Thus, the above inequality and the boundedness of
Furthermore, from the equation ∆f 
Noting that ω ′ k − υ k is a harmonic function and using the above argument again, we conclude that there exists a subsequence of f Corollary 3.1. Let f k be a sequence of W 2,2 branched conformal immersions with bounded Willmore functional and induced area which has the same branched points and same branched order at each branched point. Denote
Now we give the definition of the generalized limit of f k . Definition 3.2. Let f k be a sequence of W 2,2 branched conformal immersions with bounded Willmore functional and induced area which has the same branched points and same branched order at each branched point. Denote
By Theorem 1.4 and 1.5, we know there exists some point x 0 ∈ Σ\S(f k ) and λ k = 1 or λ k → 0 such that a subsequence f
branched conformal immersion f 0 from Σ\S(f k ) to R n . Usually we call f 0 the generalized limit of f k . We say the limit is trivial 14] ). In there definition, branched points contains the point which satisfies either of the above two possibilities. So we can still view f 0 as a branched immersion of Σ into R n .
Convergence of conformal minimal branched immersions.
In this subsection, we will give an application of Theorem 1.4 and Theorem 1.5. Let N be a compact Riemannian manifold without boundary with dimension m. By Nash's imbedding Theorem, N can be isometrically embedded in R n . So any immersion from Σ in N can be regarded as an immersion in R n .
Proposition 3.4. Let f k : D → N be a sequence of conformal minimal branched immersions with branched order m at 0 which satisfies
Then either f k converges smoothly to a conformal minimal branched immersion from D into N with ω k L ∞ (Dr(0)) < C(r), or f k converges to a point. For the case f k converges to a point, there exists λ k → 0, such that f
It is easy to see that f k is a harmonic map from (D, g f k ) to N (see [24] ). Hence, f k satisfies the following Euler-Lagrange equation
By the conformal invariance of harmonic map equation, we have
We need to consider the following two cases. If {f k } does not converge to a point, then by Theorem 1.4 we know that f k converge weakly in W 2,2 loc and ω k L ∞ (D(r)) < C(r).
It follows that
Hence, from (3.
it follows that f ′ k converges smoothly to a conformal harmonic branched immersion. ✷
bubble tree and total curvature identity
In this section, we will firstly give a bubble tree construction of f k , and then provide the proof of Theorem 1.6.
4.1.
Convergence of integral of Gauss curvature.
, where f 0 is not a point map. Then we have
(1) for any t ∈ (0, 1)
(2) for any t ∈ (0, 1),
Proof. Let g f k = e 2u k g euc . Then, by Theorem 2.4 we know that u k satisfies
Thus, ω k satisfies It follow from (4.1) that
In other worlds, K f k e 2u k converges to K f 0 e 2u 0 in distribution sense. Then, (1) can be directly deduced by Theorem 1 in [8] on page 54. Now, we return to the proof of (2). Since 
For simplicity, we assume S({f k }) = {0}. Let r k be the smallest r, s.t.
here ǫ 0 is any fixed sufficiently small positive constant. Let z k ∈ D 1 2 , s.t.
We have the following two claims: 1) r k → 0 and 2) z k → 0.
If 1) is false, assume r k → r 0 > 0. By the definition of r k it is easy to see that
when k sufficiently large. Hence 0 / ∈ S({f k }), which contradicts the fact S({f k }) = {0}. If 2) is not true, then the limit of z k is another concentration point, which contradicts to our assumptions that S({f k }) = 0.
And for any fixed R > 0, x ∈ D R (0), it is easy to that
when k sufficiently large . This tells us that S({f
By Theorem 1.4 and Theorem 1.5, we know the generalized limit
Usually, we call f 1 the first bubble. We call the bubble is trivial if C K f 1 dµ f 1 = 0. By the above argument, the blow up behavior of f k in D\D δ (0) where δ can be sufficiently small and D Rr k (z k ) where R is any positive number is already clear. In order to study the blow up behavior of f k in D δ \D Rr k (z k ), as harmonic maps, it will be convenient to make a conformal transformation which converts D\D r k (z k ) to a long cylinder. More precisely, let (r, θ) be the polar coordinate centered at z k and set
Thus
We also denote f k • φ k by f k for simplicity of notations.
By the construction of the first bubble, it is easy to see that
conf,loc (S 1 × [0, ∞)) and
conf,loc (S 1 × (−∞, 0]). We call f − , f + the top and the bottom of
When f k has no concentration. In this subsection, we will give a bubble tree construction and prove the "no-neck" property when f k has no concentration on [0,
, then after passing to a subsequence, we may find 0 = t
such that Proof. Firstly, noting that for any 0 ≤ r ≤ s ≤ T k ,
is a continuous function with respect to r.
Suppose Λ < 4mπ, where m is a positive integer. We prove the lemma by induction on m.
When m = 1, we know d = 0 and (4.3) is vacuous. We only need to prove (4.4). If (4.4) is false, then there exists a sequence l k ∈ [0, T k ] satisfying l k → +∞ and T k − l k → +∞ such that
Combining the fact that f k has no concentration with Theorem 1.5, we know there exists some
Moreover, if we denote conformal factor of f 1 by e 2u f 1 , then 
where m 1 , m 2 ∈ Z. Thus
It follows from the above that
which contracts that Λ < 4π. Thus (4.4) holds true when m = 1. Assuming the lemma is true for m − 1, we will prove that it also holds for m. First of all, if (4.4) holds for any l k ∈ [0, T k ] with l k → +∞ and T k − l k → +∞, then the lemma 4.2 follows obviously. Otherwise, there exists a sequence
Adapting the same argument as above, we know there exists an
conf,loc (S 1 × R) which is the generalized limit of f k (θ, l k + t) and satisfies
Thus we can find T , such that
Using the induction hypothesis on [0, l k − T ] and [l k + T, T k ], we can find
which satisfy (4.2), (4.3), and (4.4). Set
It is easy to check that the above partition satisfies (4.2), (4.3), and (4.4). Thus we complete the proof. ✷ Now, let
.
Since f k has no concentration, we know f
conf,loc (S 1 × R, R n ). We call such f i are bubbles of f k (note that f i may be trivial, here trivial means K f i dµ f i = 0). We have the following proposition. 
Proof. It is enough for us to prove the integral of Gauss curvature on the neck domain connecting f i and f i+1 equals to 0, i.e.,
By Theorem 2.3 and Remark 2.5, there holds
If m 1 = m 2 , by the fact that S 1 ×{s} ∂u k ∂t is continuous function, it is easy to see that there exists a sequence l k with l k − t 
(4.5)
From (4.7), it is obviously that we can find
. By Lemma 4.2, the blow up behavior of f k and convergence behavior of integral of Gauss curvature at such components are clear.
From the construction, in deed we know the bubbles come from two different ways. The one is the bubbles constructed by Lemma 4.2 on the component
Another is {f i } which is the generalized limit of {f i k }. We call all these bubbles are bubbles of first level of bubble tree. By Lemma 4.2 again, we have
where f i are all the bubbles of the first level of bubble tree. For each p ∈ S(f i k ), we take a small r such that B r (p) ⊂ S 1 × R contains only one blowup point. We can use the same argument as in the construction of first level bubbles of f k to construct first level bubbles of f i k . We call them the second level of bubble tree.
Step by step, we can construct the third, forth, ... level of the bubble tree. Obviously such construction will stop after finite many steps. Finally, by deleting trivial bubbles, we get finite non-trivial bubbles f 1 , · · · , f m . By Theorem 2.3 and Theorem 2.4, we can regard f i as a conformal branched immersion from C to R n . Combining all the above arguments, we get the following theorem:
Theorem 4.5. Let f k : D → R n be a sequence of conformal branched immersions with branched order m at 0 which satisfies
Then for any r < 1, there holds
where f 1 , ... , f m are all the non-trivial bubbles.
Now, we are ready to prove the main Theorem 1.6.
4.5.
Proof of Theorem 1.6: By Theorem 2.6, we know that for any k, there holds
here b is the sum of the branched order of the branched points. Since S({f k }) is a finite discrete set, assume S(
Taking an isothermal coordinate system around p i , the result can be directly deduced from Theorem 4.5.
proof of theorem 1.7
Before giving the proof, we first state the following theorem which gives an existence and compactness of conformal parameter under metric convergence. b,c (D, R n ) with the induced metric g k = |z| 2m e 2ω k g 0,k if (g 0,k ) ij converges to δ ij smoothly on D.
5.1.
Bubbles from long cylinders. In this subsection, we develop the blowup analysis of conformal immersions from long cylinders to deal with the degeneration of complex structure. In fact, we have ever considered it in the previous section. In order to emphasis its usefulness and importance in handling the degenerating case, we still write it down. Let f k :
can be extended to a closed surface with
(2) f k (θ, t) has no concentration points on S 1 × [0, +∞) and f k (θ, T k + t) has no concentration points on S 1 × (−∞, 0]. That is to say, if we denote λ k and τ k by diamf k (S 1 × {1}) and diamf k (S 1 × {T k − 1}) respectively, then
By the arguments in the previous section, the following theorem holds obviously.
Theorem 5.3. Assume f k satisfies the above conditions, and
Proof of Theorem 1.7:
We now turn our attention to giving the proof of Theorem 1.7. The proof of Theorem 1.7 will consists the following three cases according to the genus of Σ.
Spherical case : When Σ is a sphere, since there is only one conformal structure on S 2 , we may let h k ≡ h. If the number of branched points of f k is less or equal to 2, we can always find a Möbius transformation φ k which converts the branched points (or point) to fixed points (or point). Then f ′ k = f k • φ k is branched conform immersion with the the same branched points . The desired result can be directly deduced by Theorem 1.6. Other case will be discussed blow by the moduli theory of spaces with marked point. , b > 0, a 2 + b 2 ≥ 1, and a ≥ 0 whenever a 2 + b 2 = 1. Then the conformal map f from (Σ, g) into R n can be composed with the projection C → Σ to yield a conformal map f from C into R n which satisfies
Let Π : C → S 1 ×R defined by x+ yi → (2πx, 2πy) be the conformal covering map, where 2πx and 2π(x + m) are the same point in S 1 for m ∈ N. Then (Σ, g) is conformal to (S 1 ×R)/G, where G ∼ = Z is the transformation group of S 1 ×R generated by the mapping (θ, t) → (θ + 2πa, t + 2πb). Then f descents to a conformal map f ′ :
In the moduli space M 1 of genus 1 surface, (Σ, g k ) diverges if and only if
) have no blow up points as k → ∞. We denote by f 
where f i are all of the nontrivial bubbles of f ′ k . If f k has branched points on Σ k , we will consider the moduli space with marked points, see the details blow.
Hyperbolic case: Let us firstly review the compactification of the moduli space of surface with marked points. We refer to [10, 27] Σ 0 \N (x) > δ}. For a surface Σ with hyperbolic structure h and with marked points {x 1 , · · · , x m }, we define Σ * = Σ\{x 1 , · · · , x m }, and h * to be a hyperbolic structure on (Σ, x 1 , · · · , x m ) which is conformal to h on Σ * . Let {(Σ k , x k,1 , · · · , x k,m )} be a sequence of marked surfaces in M g,m with hyperbolic structure h k and
By proposition 5.1 in chapter 4 in [10] , there exits a maximal collection Γ k = {γ (1) There are maps ϕ k ∈ C 0 (Σ k , Σ 0 ), such that ϕ k : Σ k \Γ k → Σ 0 \N is a diffeomorphism and ϕ k (γ 
where f i ′ are all of the nontrivial bubbles off j k . Combining (5.1) and (5.3), we obtain the desired consequence.
